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Relativistic nuclear magnetic resonance J-coupling with ultrasoft
pseudopotentials and the zeroth-order regular approximation
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(Dated: 10 October 2018)
We present a method for the first-principles calculation of nuclear magnetic resonance (NMR) J-coupling
in extended systems using state-of-the-art ultrasoft pseudopotentials and including scalar-relativistic effects.
The use of ultrasoft pseudopotentials is allowed by extending the projector augmented wave (PAW) method
of Joyce et. al [J. Chem. Phys. 127, 204107 (2007)]. We benchmark it against existing local-orbital quantum
chemical calculations and experiments for small molecules containing light elements, with good agreement.
Scalar-relativistic effects are included at the zeroth-order regular approximation (ZORA) level of theory and
benchmarked against existing local-orbital quantum chemical calculations and experiments for a number of
small molecules containing the heavy row six elements W, Pt, Hg, Tl, and Pb, with good agreement. Finally,
1J(P-Ag) and 2J(P-Ag-P) couplings are calculated in some larger molecular crystals and compared against
solid-state NMR experiments. Some remarks are also made as to improving the numerical stability of dipole
perturbations using PAW.
I. INTRODUCTION
Modern high resolution solid-state NMR
experiments1,2 are a valuable tool for materials
characterisation due to their sensitivity to the local
atomic environment. Importantly, solid-state NMR
can provide information on materials with composi-
tional, positional or dynamic disorder3. However, there
is no straight-forward analytic technique to obtain
atomic-level structure directly from an NMR spectrum;
a ‘Bragg’s law’ for NMR. Instead, one must pursue
computational-theoretical prediction of the NMR pa-
rameters that influence a spectrum in order to fully
take advantage of the information present to interpret
and assign spectra. First principles predictions of NMR
parameters can also assist in the design of NMR experi-
ments, such as determining observability and orientation
of tensors. Overall, first-principles calculations offer the
ability to fully exploit the information in experimental
NMR data.
The sensitivity of NMR experiments to molecular
geometry and electronic structure is a ‘double-edged
sword,’ being both an important chemical probe and a
challenge to the computational theorist. For small, fi-
nite, systems, NMR parameters such as magnetic shield-
ing, electric field gradients and J-coupling can be rou-
tinely calculated with quantum chemical methods based
on local orbitals and have demonstrated value in as-
signing solution-state spectra4. Treatment of solid-state
NMR systems with these methods requires the creation
of finite-clusters, which need careful convergence with re-
spect to the size of the cluster to ensure that the appro-
priate electronic environment is reconstructed. They also
require careful selection of the basis set used to represent
a)Electronic mail: tim.green@materials.ox.ac.uk
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the wave function to ensure numerical convergence. A
planewave approach with pseudopotentials is appealing
for its algorithmic efficiency, automatic inclusion of pe-
riodic boundary conditions and easy systematic conver-
gence of basis sets via the maximum kinetic energy of
the waves used. However, since such calculations require
the use of pseudopotentials, the calculated pseudo-wave
function is non-physical near the nucleus, the very region
that is so influential to NMR parameters. The develop-
ment of the gauge-including projector augmented wave
(GIPAW) method5 has enabled calculations of magnetic
shielding in extended systems using pseudopotentials by
reconstructing the form of the all-electron wavefunction
near the nucleus. Extensive reviews are available in Refs.
6 and 7.
This paper concerns itself with the theoretical predic-
tion of NMR J-coupling, or indirect spin-spin coupling,
particularly in solid-state systems with heavy ions. J-
coupling is the indirect magnetic coupling between two
nuclei mediated via the bonding electrons. It manifests in
NMR spectra as fine structure splitting of resonant peaks,
providing information on bonds such as strength, angles
and the connectivity network. J-coupling has been well-
studied in the gas and solution state for many decades,
as the multiplet splitting in peaks is well resolved due to
molecular tumbling decoupling anisotropic interactions.
In contrast, solid-state J-coupling studies are more chal-
lenging due to anisotropic broadening. Recent advances
in solid-state NMR experiments, such as higher MAS
spinning rates (up to 90KHz) and ultra-high magnetic
field strengths (up to 23.3T), have resulted in increased
experimental and theoretical interest8 in measurements
of J.
Joyce et al.9 developed a method to calculate J-
coupling constants from first-principles in extended
systems within a planewave-pseudopotential density-
functional theory (DFT) framework, using PAW to re-
construct the all-electron properties of the system. This
method has been validated for a small number of sys-
2tems containing light atoms against quantum chemical
calculations and against experimental data10–14. There
is great interest in making this a ‘full periodic table’
method, i.e. being able to reliably treat systems con-
taining any elements. However, it is known15,16 that J-
coupling in systems containing heavy ions is extremely
sensitive to the effects of special relativity. This is be-
cause both core states and valence states near the nucleus
attain high kinetic energy and so should be treated using
the Dirac equation, leading to contraction in the wave
function and corrections to the operators representing
electromagnetic (EM) interactions. Scalar relativistic ef-
fects (i.e. ignoring spin-orbit terms) in particular have
been found to be the dominant correction in full four-
component Dirac equation calculations16, at least for
one-bond couplings. Autschbach and Ziegler17,18 devel-
oped the application of the zeroth-order regular approx-
imation (ZORA), an approximation to the Dirac equa-
tion, using DFT to the prediction of J-coupling in an
all-electron, local orbital framework. Yates et al.19 devel-
oped the use of ZORA with pseudopotentials and PAW
for the calculation of NMR chemical shifts in systems
containing heavy ions. In this paper we will incorporate
the scalar-relativistic terms of Autschbach and Ziegler’s
ZORA approach within a planewave pseudopotential
DFT20 framework to give a highly efficient method for
predicting J-coupling within extended systems contain-
ing heavy ions at negligible extra computational cost as
compared to the non-relativistic method. We also pro-
vide some improvements to the non-relativistic method of
Joyce et al.9, removing some of the numerical difficulties
present in that approach, and generalising the method
to use state-of-the-art ultrasoft pseudopotentials21. We
carefully benchmark our planewave-pseudopotential im-
plementation against both experiment and existing quan-
tum chemical calculations, and conclude by examin-
ing the effects of relativity on J-couplings in two Ag-
containing molecular crystals.
II. THEORY
A. Introduction
We will proceed by first reviewing the derivation of
the zeroth-order regular approximation from the Dirac
equation. Then we will show how a scalar-relativistic
theory of NMR J-coupling can be derived from the ZORA
Hamiltonian. We then discuss Blo¨chl’s PAW as a general
formalism for the calculation of all-electron properties
from pseudopotential calculations and derive a form of
the scalar-relativistic theory that is suitable for efficient
pseudopotentials calculations.
B. Zeroth-order regular approximation
We start with the time-independent single particle
Dirac equation22 for an electron in Hartree atomic units,
[cα · pˆ+ βc2 + V ]ψ = Eψ, (1)
where α and β are the Dirac matrices and in the case
of density-functional theory23 V represents the nuclear,
Hartree and exchange-correlation potentials. The wave
function ψ is a complex four-component spinor, alterna-
tively expressed in terms of the small component χ and
the large component φ. We can eliminate the small com-
ponent χ by substitution,
χ = Xˆφ =
cσ · pˆ
2c2 + E − V
φ, (2)
and retrieve an energy-dependent Hamiltonian in the
large component φ only:
Hˆescφ = Eφ = V φ+
1
2
σ · pˆ(1 −
E − V
2c2
)−1σ · pˆ. (3)
To normalize φ we introduce a normalization operator
Oˆ =
√
1 + Xˆ†Xˆ and so we find the transformed Hamil-
tonian:
Hˆ = (1 + Xˆ†Xˆ)
1
2 [V + cσ · pˆXˆ ](1 + Xˆ†Xˆ)−
1
2 (4)
The standard expansion of Xˆ and Hˆesc in (E −
V )/(2c2) to give the relativistic Pauli approximation is
appropriate when the classical velocity of the electrons is
small compared to the speed of light. This breaks down
for a nuclear Coulomb potential. Instead, following van
Lenthe24,25, we expand in 1/(2c2 − V ), which is justified
even near the singularity of a nuclear Coulomb potential.
This gives
Hˆesc ≈ V + σ · pˆ
c2
2c2 − V
σ · pˆ− σ · pˆ
c2
2c2 − V
E
2c2 − V
σ · pˆ+ .... (5)
To lowest order the expansion of Oˆ in 1/(2c2−V ) gives
the identity, so we find that the first two terms of Eqn. 5
are the ZORA Hamiltonian: HˆZORA = V +
1
2
σ · pˆKσ · pˆ, (6)
3where K effectively determines the local influence of
relativity on the system (Fig. 1),
K =
2c2
2c2 − V
. (7)
It is known that ZORA describes valence states in
many-electron systems well25,26, while describing core
states less well. However, as valence states are the main
contributors to J-coupling it should provide an appropri-
ate level of theory for the present work.
Substituting the canonical momentum for a magnetic
vector potential A, pˆ → π = pˆ +A, and expanding we
obtain the ZORA Hamiltonian in a magnetic field:
HˆZORA = Vˆ +
1
2
(pˆKpˆ+ iσ(pˆK)× pˆ (8a)
+ pˆKA+AKpˆ+ iσ [pˆ× (KA) +A× (Kpˆ)]
(8b)
+KA ·A) (8c)
It can be observed that for K = 1 the ZORA
Hamiltonian reduces to the nonrelativistic Levy-Leblond
Hamiltonian27 plus spin-orbit coupling. The right hand
side of 8a corresponds to the EM-free ZORA Hamilto-
nian. We concentrate on the scalar-relativistic terms,
parts 8b and 8c, so we neglect the third term of 8a, rep-
resenting spin-orbit coupling. However, we note that the
effect of spin-orbit coupling on J-coupling can be signifi-
cant in some compounds18,28.
C. NMR J-coupling
In NMR, indirect spin-spin coupling or J-coupling is
an interaction between two nuclear moments due to indi-
rect coupling mediated by the electrons in the system.
The first analysis of this interaction came with Ram-
sey and Purcel29 and Ramsey30, who decomposed the
interaction into four mechanisms: two due to interac-
tions of the electron spins with the nuclear moments and
two due to electron currents induced by the nuclear mo-
ments. When spin-orbit coupling is neglected these can
be treated separately.
Following Ramsey’s second-order perturbation analy-
sis, the reduced spin coupling tensor, KAB between nu-
clei A and B, can be expressed as a second derivative
of the system energy with respect to the two interact-
ing nuclear moments, µ = γ~I, where γ is the nucleus’
gyromagnetic ratio and I is the nucleus’ spin:
KAB =
∂2E
∂µA∂µB
∣∣∣∣
µ
A
=0,µ
B
=0
(9)
We can then express the observed J tensor in terms of
the reduced spin coupling tensor, JAB = ~2piγAγBK
AB.
For our system of nuclear dipole moments the mag-
netic vector potential is, in the symmetric gauge with
(rN = r−RN), A =
∑
N α
2 µN×rN
|rN |3
, where α is the fine-
structure constant. Determining the derivatives of the
ZORA Hamiltonian in this A-field with respect to the
interacting nuclear magnetic moments will allow us to
use second-order perturbation theory to calculate KAB.
We will use superscripts to represent order of pertur-
bation with respect to the perturbation parameters µA
and µB:
Hˆ(n,m) =
(
∂
∂µA
)n (
∂
∂µB
)m
Hˆ
∣∣∣∣
µ
A
=0,µ
B
=0
(10)
Autschbach17 obtained the following derivatives of the
ZORA Hamiltonian, along with their equivalent Hˆ(0,1)
derivatives, as follows:
Hˆ
(1,1)
Z-dia;i,j = Kα
4 δij(rA · rB)− rA;irB;j
|rA|3|rB |3
(11a)
= KH
(1,1)
dia (11b)
Hˆ
(1,0)
Z-para;i =
α2
2i
[
K
|rA|3
(rA ×∇)i + (rA ×∇)i
K
|rA|3
]
(12a)
=
α2
i
K
|rA|3
(rA ×∇)i (12b)
= KHˆ(1,0)para (12c)
Hˆ
(1,0)
Z-spin;i =
8πα2
6
Kσiδ(rA) (13a)
+
Kα2
2
(
3(σ · rA)rA;i
|rA|5
−
σi
|rA|3
)
(13b)
+
α2
2
1
|rA|3
[{(∇K) · rA}σi − (∇iK)(σ · rA)]
(13c)
We can choose to split the spin term into a spin-dipole
analogue, KHˆ
(1,0)
SD , plus a Fermi-contact analogue:
Hˆ
(1,0)
Z-FC;i =
8πα2
6
Kσiδ(rA) (14a)
+
dK
dr
α2
2
(
(σ · rA)rA;i
|rA|4
−
σi
|rA|2
)
. (14b)
All the terms reduce to the non-relativistic versions9
in the limit c →∞, that is, K = 1 and ∇K = 0. We see
changes for the relativistic case, K 6= 1, especially in the
case of the Eqn. 13 where term 13c is non-zero and the
term 13a (equivalent to the Fermi-contact term) is zero
4for a nuclear Coulomb potential, neglecting finite-size nu-
cleus effects. Finite-size nucleus effects have been found31
to be somewhat significant in certain circumstances, con-
tributing a 10 to 15% reduction in isotropic J-couplings
between heavy elements in the sixth row of the periodic
table and light elements, and larger between two heavy
elements.
We can now proceed to calculate K by separating
it into contributions from the interactions of the nu-
clear magnetic moments mediated by the electron spin,
KZ-spin, Eqn. 13, and from the interactions of the nu-
clear magnetic moments mediated by the electron charge
current, KZ-orb, Eqn. 11b and 12c.
D. Spin magnetization density
To calculate the contribution from the electron spin
density we first find an expression for the magnetization
density induced by a perturbing nuclear moment. From
this we can compute the magnetic field induced at all of
the other nuclei in the system.
We take the wave function to be a product of spin-
restricted independent electron orbitals ψ, with a spin
index σ. The magnetization density induced by a nu-
clear magnetic moment aligned along the uj direction,
mj , is calculated by summing the magnetization density
induced when applying the perturbation with the spin
quantized along each direction uk.
mj(r) =
∑
k
mjk(r)uk (15)
where mjk(r) is given by
mjk(r) = 4gβ
∑
o
〈ψ
(1)
o↑jk|r〉〈r|ψ
(0)
o↑ 〉, (16)
and the first order response in the wave function,
|ψ
(1)
oσjk〉, is given by
|ψ
(1)
oσjk〉 = G(ǫ)|ψ
(0)
oσ 〉. (17)
G(ǫ) is Green’s function,
G(ǫ) =
∑
e
|ψ
(0)
e 〉〈ψ
(0)
e |
ǫo − ǫe
(Hˆ
(0,1)
Z-spin;j + Hˆ
(1)
xc ), (18)
where ǫo and ǫe are the eigenvalues of the occupied
and empty bands respectively,
∑
e is a sum over empty
bands and Hˆ
(1)
xc is the self-consistent first order variation
in the Kohn-Sham exchange-correlation potential due to
the first order change in the spin density:
Hˆ(1)xc = V
(1)
xc [m
(1)], (19)
where m(1) is the first order magnetization density.
As there is a first-order change in the Hamiltonian, we
solve Eqn. 17 self-consistently by iteration.
Given the first order variation in the wave functions,
the full expression for the spin term contribution to K
is, with an implicit rotation over the spin axes,
KZ-spinij = 2Re
∑
o,σ
∫
dr ψ(0)o (r)
†Hˆ
(1,0)
Z-spin;iψ
(1)
oσj(r). (20)
We can rearrange this expression to get the effective
spin coupling in terms of the induced magnetisation, in-
cluding an implicit rotation over the spin axes,
KZ-spinij = α
2
∫
dr
[
K
(
3rA;irA;j − |rA|
2δij
|rA|5
)
−
dK
dr
rA;irA;j − |rA|
2δij
|rA|4
]
mj(r). (21)
E. Current density
To calculate the contribution from the electron charge
current density to K we first find an expression for the
current density induced by a perturbing nuclear moment
and subsequently the magnetic field induced at the re-
ceiving magnetic moment. As with the induced spin-
magnetization density, we can calculate the induced mag-
netic field at all the receiving nuclei from this induced
current density.
To first order the current perturbation term, Hˆ
(0,1)
Z-para,j,
does not modify the magnetization density or the charge
density so there is no first order change in the self-
consistent potential. The first order variation in the or-
bitals is therefore
|ψ
(1)
oj 〉 = G(ǫ)|ψ
(0)
o 〉, (22)
where G(ǫ) is Green’s function,
G(ǫ) =
∑
e
|ψ
(0)
e 〉〈ψ
(0)
e |
ǫo − ǫe
Hˆ
(0,1)
Z-para;j , (23)
in which ǫo and ǫe are the eigenvalues of the occu-
pied and empty bands respectively and
∑
e is a sum over
empty bands.
5From second order perturbation theory we can write
down KZ-orb:
KZ-orbij =
∑
o,σ
∫
dr ψ(0)o (r)
†Hˆ
(1,0)
Z-para;iψ
(1)
oj (r) + c.c.
+ψ(0)o (r)
†Hˆ
(1,1)
Z-dia,ijψ
(0)(r).
(24)
From the first order variation in the orbitals we can
re-arrange Eqn. 24 to find the induced current:
j
(1)
j (r) = 2
∑
o
[2 Re〈ψ(0)o |J
Z-P(r)|ψ
(1)
oj 〉 (25)
+ 〈ψ(0)o |J
Z-D
j (r)|ψ
(0)
o 〉],
where our modified paramagnetic and diamagnetic cur-
rent operators have the form
JZ-P(r) = −K(pˆ|r〉〈r| + |r〉〈r|pˆ)/2
= KJP(r)
(26)
JZ-Dj (r) = −Kα
2 rB × µˆ
j
|rkB |3
= KJD(r),
(27)
and so the orbital current contribution to K is simply
the Biot-Savart law acting on the induced current:
KZ-orbij = α
2
∫
dr
(
j
(1)
j (r)×
rA
|rA|3
)
i
. (28)
F. Projector augmented wave
The expressions derived in Sections IID and II E can-
not be directly applied in a pseudopotential based formal-
ism. The use of pseudopotential implies that the valence
wave functions have a non-physical form in the region
close to the nucleus; the all-electron operators used in
Sections II D and II E are sensitive to the precise form
of the wavefunctions near to the nuclei. The standard
approach to deal with this problem is the projector aug-
mented wave (PAW) formalism introduced by Van de
Walle and Blo¨chl32,33. PAW provides a practical way to
transform an operator acting on the all-electron wave-
function (AE) |ψ〉 into an operator acting on the pseudo-
wavefunction (PS) |ψ˜〉, allowing pseudopotentials to be
used in calculations of properties that are sensitive to the
form of the wavefunction near the nucleus. In particular,
PAW proposes a linear transformation T ,
T = 1 +
∑
i
(|φi〉 − |φ˜i〉)〈pi|, (29)
such that T |ψ˜〉 = |ψ〉 where φi and φ˜i are atomic-
like AE and PS partial waves at each atomic site for the
spherically symmetric atom and pseudo-atom. The AE
and PS partial waves form a complete basis within the
augmentation region (r < rc) and are equal outside. The
functions pi are the corresponding projectors to φ˜i, de-
fined such that 〈pi|φ˜j〉 = δij and that they vanish outside
the augmentation region.
So, for an AE operator Oˆ,
〈ψ|Oˆ|ψ〉 = 〈ψ˜|T †OˆT |ψ˜〉, (30)
we can derive the equivalent pseudo-operator O˜ =
T †OˆT . The explicit form of O˜ is
O˜ = Oˆ +
∑
ij
|pi〉(〈φi|Oˆ|φj〉 − 〈φ˜i|Oˆ|φ˜j〉)〈pj |. (31)
This allows us to calculate all-electron properties from
pseudopotential calculations. Blo¨chl notes that there is
a degree of freedom in Eqn. 31 to add a term of the form
Bˆ −
∑
ij
|pi〉〈φ˜i|Bˆ|φ˜j〉〈pj |, (32)
where Bˆ is an arbitrary local operator acting solely
within the augmentation region. We might describe an
all electron operator Oˆ in terms of a ‘fictitious’ operator
Oˆfict and a ‘real’ operator Oˆreal, which are equal outside
the augmentation region:
Oˆ = Oˆfict + f(r)(Oˆreal − Oˆfict), (33)
where f(r) is a cutoff function which is unity for r < rc
and zero otherwise and so Bˆ = Oˆreal − Oˆfict. If we apply
the PAW operator transform to Oˆ (Eqn. 31) and add
Eqn. 32 we find:
O˜ = Oˆfict +
∑
ij
|pi〉(〈φi|Oˆreal|φj〉 − 〈φ˜i|Oˆfict|φ˜j〉)〈pj |.
(34)
This allows us to substitute a new operator Oˆfict, which
is easier to numerically represent, for the pseudo calcu-
lation, so long as it is equal to the real operator, Oˆreal,
outside the augmentation region, and perform the correc-
tion in the PAW augmentation. Blo¨chl goes on to use this
freedom to set pseudopotential theory within the PAW
formalism by substituting the real nuclear Coulomb po-
tential of an atom for a smoothed fictitious potential that
is more amenable for evaluation in a plane wave basis set.
We can use this technique to better represent the ra-
dially divergent part of the magnetic dipole perturba-
tion, 1r3 , which when na¨ıvely applied in real space is ill-
represented on the cartesian grid, leading to varying nu-
merical predictions depending on the relative position of
the perturbing nucleus to the real space grid. We replace
it with a smoothed term,
6FIG. 1. Plot of K(r), the 6s and 6p all-electron partial waves
φ, and dK
dr
for a scalar-relativistic lead atom. Note that K(r)
quickly reaches unity and dK
dr
quickly reaches zero for r ≪
rc = 2.36a0, the pseudopotential cut off radius. Also note
that only the 6s orbital has significant character in the region
where dK
dr
≫ 0 while the 6p has none, meaning the behaviour
of the Z-FC term will be similar to the non-relativistic FC
term.
Oˆfict =
1− exp(−(r/r0)
3)
r3
, (35)
which is well represented on a coarser real-space grid
and make the correction using Eqn. 34 during PAW aug-
mentation.
G. J-coupling with PAW
Unlike the calculation of NMR magnetic shielding,
which requires the use of GIPAW to preserve transla-
tional invariance in a magnetic field5, the calculation of
J-coupling can use a gauge fixed on the perturbing atom
and so only standard PAW is required.
We will now apply PAW to the derived ZORA-level
scalar-relativistic theory of J-coupling to get pseudo-
operators in terms of modifications to the non-relativistic
operators. The diamagnetic and paramagnetic current
operators are simple multiples of K, while the Fermi-
contact term disappears for a nuclear Coulomb potential
and the spin-dipole term turns into a simple multiple of K
plus a Fermi-contact-like term which is sharply localised
by the gradient of K (Figure 1). As the region where
K 6= 1 is localised inside the augmentation region, the
operators are equal to their non-relativistic equivalents
outside, and so we can apply all these corrections accu-
rately in PAW augmentation for no extra computational
cost19 using Eqn. 34.
In the case of the spin contribution, the sharply lo-
calised FC/Z-FC perturbation operator can be written
as
H˜
(1,0)
Z-FC =
∑
R,n,m
|pR,n〉〈φR,n|Hˆ
(1,0)
Z-FC|φR,m〉〈pR,m|, (36)
where we have used the on-site approximation. The
SD/Z-SD PAW augmentation is also evaluated on a real
radial grid, while the un-augmented contribution is cal-
culated in Fourier space on the augmented magnetization
density.
H˜
(1,0)
Z-SD = Hˆ
(1,0)
SD +∆Hˆ
(1,0)
Z-SD, (37)
where, using the on-site approximation again,
∆Hˆ
(1,0)
Z-SD =
∑
R,n,m
|pR,n〉(〈φR,n|KHˆ
(1,0)
SD |φR,m〉
−〈φ˜R,n|Hˆ
(1,0)
SD |φ˜R,m〉)〈pR,m|.
The total spin contribution to the reduced coupling
tensor is then
KZ-spin = K˜Z-spin +∆KZ-spin (38)
K˜Z-spin = −
µ0
3
∫
dG
[
3(m˜(1)(G) ·G)G− m˜(1)(G)G2
G2
]
eiG·rA
(39)
∆KZ-spin =
∑
oo′σσ′
〈ψ(0)oσ |H˜
(1,0)
Z-FC +∆Hˆ
(1,0)
SD |ψ
(1)
o′σ′ 〉, (40)
where m˜(1)(G) is the un-augmented spin density in
reciprocal space, to which we apply the spin dipole op-
erator and slow Fourier transform at the position of the
receiving nucleus
The diamagnetic current operators do not receive PAW
augmentation, as we cannot make the off-site approxi-
mation due to the complexity of calculating the relevant
matrix elements, and so only contributes to the bare cur-
rent. This has the effect of ignoring the diamagnetic
augmented current for off-site nuclei, though the diamag-
netic contribution is the smallest J-coupling component
and may only be really relevant for the calculation of
anisotropic couplings34.
The PAW augmented paramagnetic operator is
H˜
(1,0)
Z-para = Hˆ
(1,0)
Z-para +∆Hˆ
(1,0)
Z-para (41)
∆Hˆ
(1,0)
Z-para =
∑
R,n,m
|pR,n〉(〈φR,n|KHˆ
(1,0)
para |φR,m〉 (42)
− 〈φ˜R,n|Hˆ
(1,0)
para |φ˜R,m〉)〈pR,m|. (43)
The bare contribution of the paramagnetic current is
calculated in Fourier space on the pseudo-current density
and is PAW augmented on a real radial grid with an on-
site approximation, justified by the short-rangeness of
7the interaction. The total orbital current contribution is
then
KZ-orb = K˜Z-orb +∆KZ-orb (44)
K˜Z-orb = µ0
∫
dG
iG× j˜(1)(G)
G2
eiG·rA (45)
∆KZ-orb = 2Re
∑
oo′σ
〈ψ(0)oσ |∆Hˆ
(1,0)
Z-para|ψ
(1)
o′σ〉, (46)
where j˜(1)(G) is the un-augmented induced current
density, paramagnetic and diamagnetic, in Fourier space,
to which we apply the Biot-Savart law in reciprocal space
and slow Fourier transform at the position of the receiv-
ing nucleus.
The total indirect coupling tensor between the two nu-
clei is then the sum of KZ-spin and KZ-orb.
H. Additional considerations for ultrasoft pseudopotentials
The so-called ‘ultrasoft’ pseudopotential formalism in-
troduced by Vanderbilt21 is the most computationally
efficient form of pseudopotential generally providing nu-
merically converged results with significantly smaller
basis-sets. This is particularly important for elements
which require semi-core states to be treated as valence
for accurate results e.g. ‘3p’ states in the 3d transition
metal series. While ultrasoft potentials are efficient from
a user’s point of view, there is some additional complex-
ity when implemented in an electronic-structure code.
The key ingredient of the ultrasoft scheme is that the
norm of the the pseudo partial-waves in the augmenta-
tion region is different from that of the corresponding
all-electron partial-waves. We can thus define a non-zero
charge augmentation term QR,nm(r):
QR,nm(r) = 〈φR,n|r〉〈r|φR,m〉 − 〈φ˜R,n|r〉〈r|φ˜R,m〉. (47)
The norm of a pseudo-wave function can be computed
as the expectation value of the pseudo operator 1˜ = S.
Using Eqn. 47,
S = 1 +
∑
R,n,m
|pR,n〉qR,nm〈pR,m| (48)
where
qR,nm = 〈φR,n|φR,m〉 − 〈φ˜R,n|φ˜R,m〉. (49)
As a result, a normalized eigenstate of the pseudo
Hamiltonian obeys the generalized equations:
H˜ |ψ˜o〉 = εoS|ψ˜o〉, (50)
and
〈ψ˜o|S|ψ˜o′〉 = δo,o′ . (51)
The pseudo-Hamiltonian H˜ can be derived using
Eqn. 31 as
H˜ = −∇2 + Veff +
∑
R,n,m
|pR,n〉DR,nm〈pR,m| (52)
where DR,nm is given by
DR,nm = D
0
R,nm +
∫
dr Veff(r)QR,nm(r). (53)
D0
R,nm is obtained from the construction of the
pseudopotential35, and Veff is the screened local poten-
tial. We note that the norm-conserving pseudopoten-
tial scheme can be regarded as special case in which
qR,nm = 0 by definition, and by convention the terms
QR,nm are assumed to vanish. The charge density in the
ultrasoft scheme is given by
n(r) =
∑
oσ
[ψ∗(0)oσ (r)ψ
(0)
oσ (r) (54)
+
∑
R,n,m
QR,nm(r)〈pR,n|ψ
(0)
oσ 〉〈ψ
(0)
oσ |pR,m〉] (55)
In practice QR,nm and hence n(r) would be pro-
hibitively expensive to represent in a planewave basis,
and so QR,nm is replaced by a pseudized augmenta-
tion charge Q˜R,nm, where the pseudization conserves
the electrostatic moments of the charge35. The grid-
representable charge density n¯(r) is given by
n¯(r) =
∑
oσ
[ψ∗(0)oσ (r)ψ
(0)
oσ (r) (56)
+
∑
R,n,m
Q˜R,nm(r)〈pR,n|ψ
(0)
oσ 〉〈ψ
(0)
oσ |pR,m〉] (57)
The ZORA J-coupling operators derived in Sec-
tion IIG are still valid for ultrasoft potentials, as the
PAW formulation made no assumption regarding the
norm of the partial waves used in the PAW transforma-
tion. However, changes are required when computing the
first order induced current and magnetization density.
Firstly, we note that to avoid a costly sum over unoccu-
pied states the first-order change in the wave functions
is computed using a conjugate-gradient minimization9.
For ultrasoft pseudopotentials the minimization routines
must be adapted to allow for the generalised orthonor-
mality condition, Eqn. 51. This can be done straight-
forwardly following the method outlined in Appendix B
of Ref. 36. Secondly, care must be taken in computing
8the induced magnetization density. Following the ultra-
soft charge density in Eqn. 57 we introduce the magneti-
zation density m¯(1)
m¯(1)(r) =2
∑
o
[ψ∗(1)o (r)ψ
(0)
o (r) + c.c. (58)
+
∑
R,n,m
Q˜R,nm(r)
(
〈pR,n|ψ
(1)
o 〉〈ψ
(0)
o |pR,m〉+ c.c.
)
]
(59)
When using ultrasoft potentials we compute Eqn. 39
using m¯(1)(r) in order to capture off-site contributions
to the spin-dipolar contribution. However, this requires
that care is taken to subtract from every receiving atom
the on-site contribution from the augmentation charge so
as not to double count with the PAW on-site augmenta-
tion.
In addition, the self-consistent exchange-correlation
term, Eqn. 19, should also be augmented to reflect the
first order change in the D matrix37:
Hˆ(1)xc = V
(1)
xc [m¯
(1)] (60)
+
∑
R,n,m
|pR,n〉
[∫
dr V (1)xc [m¯
(1)](r)Q˜R,nm(r)
]
〈pR,m|.
III. CALCULATIONS
The PAW scalar-relativistic theory as proposed has
been implemented in the CASTEP planewave DFT
code38 using norm-conserving pseudopotentials39 and
ultrasoft pseudopotentials21,35. In the case of norm-
conserving pseudopotentials this involved modifying only
the preparatory calculation of PAW matrix elements, as
the pseudo-Hamiltonian remains the same as for the ex-
isting non-relativistic theory except for PAW augmenta-
tion. In the case of ultrasoft pseudopotentials modifi-
cations were needed to address the issues mentioned in
Section IIH. In addition, PAW is also used to smooth
the dipole operator and reconstruct it in real space to
provide greater numerical stability with respect to real
grid spacing, as described in Eqn. 34.
We will first seek to validate our implementation
against all-electron, local orbital basis set quantum chem-
ical predictions and experimental measurements of J-
coupling for both molecules containing light atoms, to
be treated non-relativistically, and molecules contain-
ing heavy atoms, to be treated relativistically. We will
then proceed to use the implemented code to predict J-
coupling in two large novel molecular crystals containing
silver atoms.
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A. Validation against existing quantum chemistry:
Non-relativistic
Lantto, Vaara and Helgaker40 provide a benchmark on
34 small molecules containing light atoms with a total
of 60 couplings calculated using localised Gaussian or-
bital basis sets at the LDA, BLYP, B3LYP and MCSCF
levels of theory along with some experimental values. In-
cluded in the light atoms is fluorine, which is notoriously
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from Ref. 40.
difficult to treat well with density functional theory41.
We have run the same calculations at a non-relativistic
level of theory using both norm-conserving and ultrasoft
pseudopotentials with the LDA functional and present
the results in Tables I, II, III and IV and Figures 2, 3
and 4.
As expected, the fluorine couplings perform poorly
compared to experiment, particularly 1J(F-C). In addi-
tion, they compare poorly to the Gaussian orbital basis
set calculations. The majority of the difference between
the pseudopotential calculations and the Gaussian orbital
basis set calculations is from the Fermi-contact term con-
tribution, suggesting that the origin of the disagreement
might lie in the difficulty of constructing Gaussian ba-
sis sets with sufficient flexibility in the core to represent
Fermi-contact coupling42, a problem that is circumvented
with pseudopotentials when using the PAW transformed
operator.
The root mean squared deviation (RMSD) agreements
of, where available, experimental couplings with LDA
Gaussian orbital, norm-conserving and ultrasoft calcula-
tions was 31.3, 23.5 and 22.7 Hz respectively. Excluding
systems including fluorine gives RMSD agreements with
experiment of 25.6, 20.9 and 17.6 Hz. Excluding systems
involving sodium, the other significantly poorly perform-
ing element, gives RMSD agreements with experiment of
25.0, 19.2 and 20.0 Hz respectively. Excluding systems
including both fluorine and sodium gives RMSD agree-
ments of 11.5, 13.0 and 11.6 Hz respectively.
The RMSD agreements of Gaussian orbital LDA with
norm-conserving and ultrasoft calculations was 42.2 and
36.4 Hz respectively, 42.4 and 39.4 Hz excluding fluorine
systems, 23.5 and 14.9 Hz excluding sodium systems and
5.4 and 4.4 Hz excluding both fluorine and sodium sys-
tems.
This indicates that, by and large, norm-conserving
and ultrasoft pseudopotential calculations give couplings
favourably comparable to equivalent localised Gaussian
orbital calculations and to experiment.
B. Validation against existing quantum chemistry:
Relativistic
Wemake a comparison against a comprehensive bench-
mark performed by Moncho and Autschbach28 on a set
of 45 molecules containing sixth row elements. For this
study they used the Amsterdam Density Functional code
(ADF) at the scalar-relativistic and spin-orbit levels of
ZORA theory and with both the PBE43 (more precisely
a mix of VWN44 and PBE) and PBE045 functionals. As
neither PBE0 nor spin-orbit effects have yet been im-
plemented for the calculation of NMR parameters in pe-
riodic DFT calculations we compare only to their PBE
scalar-relativistic ZORA calculations.
We now highlight some of the physical and numerical
differences between the scalar relativistic approach used
in Ref. 28 and our planewave-pseudopotential formalism.
In Ref. 28 the SD term is neglected due to computational
expense, however, we include it in our calculation. It is
generally less than 1% of the final isotropic value, though
in the case of WF6 it accounts for 24% of the coupling.
The ADF calculations took V from four-component
numerical Dirac equation calculations on isolated, neu-
tral atoms. This potential was then used to determine
K for a ZORA Hamiltonian. Similarly, in our implemen-
tation, K for each species of atom is determined by the
all-electron potential of a four-component calculation on
an isolated, neutral atom. This was then used to con-
struct a scalar ZORA isolated atom and so generate an
ultrasoft pseudopotential.
The norm-conserving relativistic potentials were gen-
erated with the atom code as maintained by Jose´ Lu´ıs
Martins from four-component calculations, with the all-
electron partial waves taking the spin-up electron state
of the valence orbitals.
By using pseudopotentials we are implicitly using
the frozen core approximation. While Moncho and
Autschbach do not use the frozen core approximation,
Autschbach17 notes that the frozen core approximation
yields almost the same couplings as the respective all-
electron computations as long as a sufficiently complete
basis set is used. We neglect finite nucleus effects, which
can be relevant for row-six elements, as noted in Sec-
tion II C. Finally, we also neglect solvent effects, which
are included in the ADF calculations with the conductor-
like screening model (COSMO)46. However, Moncho and
Autschbach find that the COSMO model does not signif-
icantly improve the median relative deviations of cou-
plings with experiment over the gas phase calculations
and suggest that explicit solvent models are necessary.
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TABLE I. Non-relativistic benchmark on fluorine containing molecules. Gaussian orbital LDA, BLYP, MCSCF calculations
and experimental numbers from Ref. 40. NCP LDA and USP LDA values calculated with the implementation in CASTEP. All
values are isotropic J-coupling in Hz.
Structure Site A Site B GO LDA GO BLYP GO MCSCF NCP LDA USP LDA Exp
BF F1 B1 -390.4 -382.8 -222.4 -227.5 -312.7
FHF− F1 F2 -194.5 -124.6 -238.6 -127.1 -131.9 220.0
F1 H1 2.0 0.5 10.1 51.1 37.3 11.0
ClF3 F1 F1 519.1 558.7 404.0 429.4 435.0 403.0
HF H1 F1 394.6 389.0 539.3 478.7 453.2 499.8
C6H4F2 F1 C1 -375.6 -392.7 -210.7 -245.6 -295.3 -242.6
F1 C2 21.3 28.8 33.1 25.9 27.8 24.3
F1 C3 6.8 8.1 7.5 8.7 9.5 8.2
F1 C4 -0.7 0.3 4.6 0.1 0.3 2.7
F1 F2 6.4 7.5 11.2 6.6 8.3 17.4
F1 H1 7.9 7.9 1.1 8.6 9.4 7.9
F1 H2 2.3 3.4 6.8 2.7 2.9 4.5
ClF Cl1 F1 1004.3 979.1 832.3 1012.4 1018.1 840.0
OF2 O1 F1 -238.6 -249.3 -309.0 -209.5 -209.3 -300.0
AlF F1 Al1 -630.7 -636.6 -627.1 -553.8 -603.1
CHF3 F1 C1 -344.0 -361.6 -225.6 -239.1 -301.7 -272.2
F1 F1 -43.3 -16.7 125.9 32.4 30.9
F1 H1 71.2 88.2 79.1 62.1 71.0 79.1
C1 H1 180.5 228.0 236.8 168.3 178.7 235.3
CH2F2 F1 C1 -325.6 -340.2 -229.0 -233.4 -284.1 -233.9
F1 F2 -36.8 -3.3 140.0 45.9 54.4
F1 H1 39.6 54.3 52.0 38.3 43.4 48.6
C1 H1 134.3 173.8 175.7 128.4 135.3 180.4
CH3F F1 C1 -293.9 -306.3 -212.4 -216.0 -255.9 -163.0
F1 H1 38.4 49.7 48.6 41.2 44.6 46.4
C1 H1 108.3 141.8 141.5 105.4 110.5 147.3
H1 H1 -4.4 -7.1 -11.5 -1.5 -1.4
TABLE II. Non-relativistic benchmark on nitrogen containing molecules. Gaussian orbital LDA, BLYP, MCSCF calculations
and experimental numbers from Ref. 40. NCP LDA and USP LDA values calculated with the implementation in CASTEP. All
values are isotropic J-coupling in Hz.
Structure Site A Site B GO LDA GO BLYP GO MCSCF NCP LDA USP LDA Exp
HNC C1 H1 10.7 10.6 16.4 11.5 7.9
HCONH2 C1 H1 144.2 183.2 183.2 136.4 142.3 193.1
C1 H2 4.4 5.2 2.8 5.3 6.0 2.7
C1 H3 -1.4 -1.8 -4.2 0.1 0.5 -3.7
H2 H3 6.9 9.0 3.8 10.7 10.9 2.2
H2 H1 0.9 0.9 0.8 1.2 1.1 2.3
H3 H1 10.0 14.1 11.8 9.2 9.8 13.9
HCN C1 H1 205.8 260.8 249.3 196.7 201.2 267.3
NH3 H1 H1 -5.0 -9.0 -11.3 -1.8 3.2 -10.0
CH3NC C1 C2 -10.0 -10.8 -5.2 -6.9 -8.4
C1 H1 105.4 139.1 143.5 102.7 107.0 145.2
C2 H1 1.1 2.6 2.6 1.5 1.3 2.7
H1 H1 -7.5 -11.6 -19.1 -3.9 -4.0
CH3CN C1 C2 43.5 56.5 72.0 51.0 48.7 58.0
C1 H1 99.4 130.5 142.4 97.1 101.2 135.7
C2 H1 -4.4 -6.9 -15.5 -1.8 -1.6 -9.9
H1 H1 -8.7 -13.8 -22.9 -6.7 -5.4 -16.9
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to compute J-couplings in solid materials, where solvent
effects are not relevant.
The PBE functional was used with a converged
planewave basis set cut-off of 80 rydberg and a single
k-point in each case. As we are implicitly using periodic
boundary conditions, we must place the molecules in a
supercell of sufficient size to reduce interactions between
periodic images. A cubic cell size of (15A˚)3 is found to be
sufficient in most cases. The calculated isotropic reduced
couplings for tungsten, lead, mercury, platinum and thal-
lium are shown in Tables V, VI, VII, VIII and IX re-
spectively. Fig. 5 shows CASTEP and ADF calculations
against experiment and Fig. 6 shows the CASTEP im-
plementation against ADF. To be consitent with Ref. 28
in this section we report the reduced coupling constants
in S.I. units (1019 ·T2 · J−1).
Considering the full set of compounds we find that,
as expected, the non-relativitistic pseudopotential cal-
culations show large deviation from experiment, with a
RMSD of 4529.2, mean absolute deviation of 1352.3 and
median absolute deviation of 224.1 × 1019 ·T2 · J−1. Us-
ing relativistic ultrasoft pseudopotentials and the ZORA
formalism of Section II C significantly improves the agree-
ment with experiment, giving a RMSD of 1215.2, mean
absolute deviation of 511.6 and median absolute devia-
tion of 87.6. These results are comparable to the equiva-
lent results of Moncho and Autschbach28 (1558.7, 517.8,
82.1). We also note that there is good agreement be-
tween the norm-conserving and ultrasoft pseudopotential
results.
For tungsten containing molecules (Table V), the per-
formance of ultrasoft pseudopotentials was equivalent
to the all-electron calculations, with marginally larger
RMSD and smaller mean and median absolute devia-
tions from experiment. Lead-containing molecules (Ta-
ble VI) also gave equivalent performance for ultrasoft
pseudopotentials, with marginally smaller RMSD, mean
and median absolute deviations. Mercury-containing
molecules (Table VII) have a significantly smaller RMSD,
dominated by the size of the 2J(Hg-Sn) coupling
in IrCl(SnCl3)(HgCl)(CO)(PH3)2, and smaller mean
and median absolute deviations. Platinum-containing
molecules (Table VIII) have a larger RMSD, mean and
median deviations, largely due to the significant error
in the 1J(Pt-Pt) coupling in the charged molecules. We
believe this error arises from the difficulty in treating
charged systems with periodic boundary conditions and
the influence of the solvation model on the all-electron
couplings.
For thallium containing molecules (Table IX), the
statistics are poor compared to experiment and show
some deviations from the all-electron results. It was
previously found28 that greater accuracy for couplings
in thallium-containing molecules requires going to PBE0
and spin-orbit levels of theory. The reported couplings
in molecules TlF, TlCl, TlBr and TI are taken from gas
phase experiments and, except for TlI, are in good agree-
ment with all-electron calculations. The 1J(Tl-I) cou-
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FIG. 5. Comparison of reduced isotropic J-couplings in a
number of small molecules containing row six elements calcu-
lated using ADF’s implementation of scalar-relativistic ZORA
J-coupling (red crosses), from Ref. 28, and the authors’ im-
plementation in CASTEP of the same (blue stars), both using
the PBE exchange-correlation functional, against experiment.
Two points are excluded due to scale: 2J(Hg-Sn) in Hg-Ir-
SnCl3; and
1J(Pt-C) in Pt(SnCl3).
pling exhibits a very large orbital current contribution,
an order of magnitude larger than the total value, and a
large Fermi-contact-like contribution with opposite sign.
The couplings in the remaining thallium molecules are
measured in solution; Tl4(OCH3)4 was in a toluene sol-
vent and the rest in a water solvent. Calculations pre-
sented at the PBE0 and spin-orbit level of theory in
Ref. 28 show that, in contrast to other elements, cou-
plings in thallium containing molecules are significantly
affected by the inclusion of solvent, with the mean abso-
lute deviation going from 1163.0 to 737.1 when moving to
the COSMO model. Neglect of solvation effects is hence
likely to be the main source of disagreement between our
results and all-electron couplings.
C. Example: Prediction of J-coupling in silver
triphenylphosphine systems
Two molecular crystals of interest are
(Ph3P)2Ag(O2COH) and [{(Ph3P)2Ag}2(CO3)]·2H2O,
shown in Figure 7, part of a family of compounds incor-
porating phosphorous atoms bonded via a silver atom,
which is in turn bonded to a varying complex. These are
useful model systems for studying J-coupling between a
heavy atom and a lighter atom. The J-couplings were
experimentally measured with 31P CPMAS NMR by
Bowmaker et al.47 and are quoted for both 107Ag and
109Ag when the two splittings were distinguishable.
When converted to reduced couplings this gives a range
of values, which could be considered as an indication of
the error in the measurements.
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FIG. 6. Comparison of reduced isotropic J-couplings in a
number of small molecules containing row six elements calcu-
lated using ADF’s implementation of scalar-relativistic ZORA
J-coupling, from Ref. 28, against the authors’ implementa-
tion in CASTEP of the same, both using the PBE exchange-
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FIG. 7. Molecular structure of (a) (Ph3P)2Ag(O2COH) and
(b) [{(Ph3P)2Ag}2(CO3)]·2H2O. J-coupling parameters are
given in Table X
We have calculated J-couplings using both non-
relativistic theory and ZORA scalar-relativistic theory
with ultrasoft pseudopotentials for both structures with
a 80 rydberg kinetic energy cutoff and a single k-point
with primitive cells containing 148 atoms and 296 atoms
respectively. Table X shows the calculated couplings.
Two sets of calculations for each structure are given: one
for which only the hydrogen atomic positions have been
optimized; and the other for which all atomic positions
have been optimized, both using ultrasoft pseudopoten-
tials with an energy cut-off of 50 rydberg. In both cases
the lattice vectors were kept fixed to their experimental
values. To illustrate the cost of treating such a system,
each calculation at a single perturbing atom took ap-
proximately 4,500 seconds for (Ph3P)2Ag(O2COH) and
25,000 seconds for [{(Ph3P)2Ag}2(CO3)]·2H2O on a clus-
ter containing four dual-quad core Intel Xeon E5620 pro-
cessors, giving a total of 32 cores.
When a relativistic pseudopotential is used on the sil-
ver atom the 2J(31P-31P) couplings are in good agree-
ment with experiment. The difference in 2J(31P-31P)
coupling between the relativistic and non-relativistic
cases demonstrate indirect effects in the J-coupling
caused by changes in the ground state electronic struc-
ture due to use of a relativistic pseudopotential on the
silver atom, as noted in previous studies involving two-
bond couplings through a heavy ion16. The 1J(107/109Ag-
31P) couplings are in reasonable agreement with ex-
periment when ZORA-level corrections to the operators
are applied. The computed couplings agree better with
the lower end of the quoted experimental ranges. The
1J(109Ag-31P) couplings demonstrate direct effects due
to use of ZORA operators when performing the pertur-
bation as well as indirect ground state electronic struc-
ture effects. Performing a full optimization of all the
atomic positions gives only a small improvement in the
calculated couplings. For [{(Ph3P)2Ag}2(CO3)]·2H2O,
the calculations give a spread of 1J(Ag-P) couplings
corresponding to the four crystallographically distinct
phosporous sites - experimentally only a single coupling
was determined, presumably an average value.
IV. CONCLUSIONS
We have presented a method for the calculation of J-
coupling tensors for systems containing heavy elements
using state-of-the-art ultrasoft pseudopotentials which
gives accuracy comparable to existing quantum chem-
istry methods at the same level of theory. The use of
pseudopotentials allows fewer electrons to be explicitly
treated, and we have shown that the treatment of rel-
ativity using the ZORA approach allows cheap correc-
tions to be made using PAW. This allows calculations
of J-coupling tensors between heavy ions in periodic and
molecular systems containing hundreds of atoms.
V. SUPPLEMENTARY MATERIALS
Compressed archives of calculation input and out-
put files, including structures and magnetic reso-
nance tensors, are available online for the non-
relativistic benchmark48, relativistic benchmark49 and
silver-containing molecular crystals50.
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TABLE III. Non-relativistic benchmark on lithium, sodium and potassium containing molecules. Gaussian orbital LDA,
BLYP, MCSCF calculations and experimental numbers from Ref. 40. NCP LDA and USP LDA values calculated with the
implementation in CASTEP. All values are isotropic J-coupling in Hz.
Structure Site A Site B GO LDA GO BLYP GO MCSCF NCP LDA USP LDA Exp
LiF F1 Li1 141.1 160.0 192.9 152.3 145.5 172.3
NaF F1 Na1 -4.8 39.5 193.9 104.2 126.2
LiH Li1 H1 155.0 223.6 152.7 98.7 109.0 134.9
Na2 Na1 Na2 1343.3 1375.3 1243.9 868.4 905.1 1067.2
KF F1 K1 28.4 43.2 76.6 58.7 44.9 57.8
KNa Na1 K1 409.5 401.3 480.0 272.7 269.0
TABLE IV. Non-relativistic benchmark on remaining molecules. Gaussian orbital LDA, BLYP, MCSCF calculations and
experimental numbers from Ref. 40. NCP LDA and USP LDA values calculated with the implementation in CASTEP. All
values are isotropic J-coupling in Hz.
Structure Site A Site B GO LDA GO BLYP GO MCSCF NCP LDA USP LDA Exp
PH3 H1 H1 -7.7 -12.5 -12.9 -5.0 -4.8 -13.4
SiH4 H1 H1 2.0 4.1 0.3 4.0 4.2 2.6
H2O H1 H2 -3.3 -6.4 -9.4 -3.0 -4.1 -7.3
CH4 C1 H1 99.8 132.7 120.8 93.5 96.4 120.9
CH3SiH3 C1 H1 94.4 121.3 115.7 93.1 96.6 122.5
C1 H4 3.7 5.5 3.4 4.6 4.8 4.6
H1 H1 -7.2 -11.6 15.2 -4.9 -3.9
H4 H4 3.8 6.3 2.5 5.0 5.2
H1 H4 10.0 12.8 10.1 9.4 9.9
H1 H5 0.9 1.2 0.7 1.1 1.1
H1 H3 3.9 5.1 3.8 1.5 2.0 4.6
C2H6 C1 C2 17.3 28.3 37.5 24.2 23.1 34.6
C1 H1 94.0 122.7 119.8 92.4 96.2 124.2
C1 H4 -1.2 -2.2 -5.3 0.4 0.6 -4.6
H1 H2 -6.5 -10.4 -14.1 -3.1 -3.3
H1 H4 12.4 16.3 14.7 11.2 11.8
H1 H5 2.8 3.8 3.5 2.5 2.6
H1 H4 6.0 8.0 7.2 5.4 5.7 8.0
C2H4 C1 C2 56.4 73.5 75.7 64.5 65.4 67.5
C1 H1 119.2 155.4 147.7 116.4 121.1 156.3
C1 H3 1.2 0.0 -3.3 2.5 3.0 -2.4
H1 H2 4.4 4.9 0.9 7.3 7.4 2.2
H1 H3 8.6 11.3 10.4 7.9 8.0 11.6
H1 H4 13.0 18.1 17.0 11.6 12.4 19.0
C2H2 C1 C2 154.5 176.5 166.5 155.4 164.1 184.5
C1 H2 198.7 254.4 232.1 186.6 193.4 242.4
C1 H1 45.6 53.1 50.1 42.4 43.9 53.8
H1 H2 6.2 9.6 10.8 4.9 5.0 10.1
C6H6 C1 C2 48.4 63.8 75.1 54.2 53.8 55.8
C1 C3 0.7 0.0 -3.7 1.7 1.9 -2.5
C1 C4 7.9 8.4 16.8 7.7 7.9 10.1
C1 H1 119.8 155.0 185.1 117.4 122.0 158.3
C1 H2 2.5 2.1 -9.8 4.2 4.7 1.0
C1 H3 5.5 7.2 12.9 5.1 5.5 7.6
C1 H4 -0.3 -0.8 -6.1 -0.1 -0.2 -1.2
H2S H1 H2 -7.0 -11.5 -15.4 -5.4 -5.6
HCl H1 Cl1 25.2 21.6 36.3 28.4 31.0 41.0
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TABLE V. Relativistic benchmark on tungsten containing molecules. Local orbital PBE ZORA calculations using ADF and
experimental numbers from Ref. 28. Ultrasoft PBE ZORA values calculated with the implementation in CASTEP. All values
are isotropic reduced J-coupling in 1019 ·T2 · J−1.
Structure Site A Site B Exp ADF rel USP rel
W(CO)6 W1 C1 997.0 1099.5 1138.2
W(CCH3)(CH2CH3)3 W1 H10 20.7 -24.6 -11.4
W(CO)5PI3 W1 P1 1639.0 1568.7 1633.1
η-(C5H5)W(CO)3H W1 H6 72.4 127.4 148.2
W(CO)5PF3 W1 P1 2362.9 2537.3 2651.9
W(CO)5PCl3 W1 P1 2090.0 1918.0 2018.1
WF6 W1 F1 85.4 -198.5 -131.4
Root mean square deviation 114.2 129.1
Mean absolute deviation 98.7 91.3
Median absolute deviation 102.5 71.9
TABLE VI. Relativistic benchmark on lead containing molecules. Local orbital PBE ZORA calculations using ADF and
experimental numbers from Ref. 28. Ultrasoft PBE ZORA values calculated with the implementation in CASTEP. All values
are isotropic reduced J-coupling in 1019 ·T2 · J−1.
Structure Site A Site B Exp ADF rel USP rel
Pb(CH3)3CF3 Pb1 F1 102.0 17.1 109.8
Pb1 H1 28.7 -4.9 21.0
PbCl4 Pb1 Cl1 2868.3 -3014.1 -2709.0
Pb(CH3)2(CF3)2 Pb1 F1 160.7 70.4 169.8
Pb1 H1 33.9 -6.8 24.6
PbH4 Pb1 H1 1115.0 1090.7 1030.0
Pb(CH3)2H2 Pb1 H1 979.4 814.0 832.6
Pb1 H3 -30.3 -10.1 8.9
Pb2(CH3)6 Pb1 C1 44.4 -416.5 -328.1
Pb1 C6 146.0 121.7 152.7
Pb1 H1 -16.8 5.0 19.9
Pb1 H16 9.1 10.5 12.4
Pb(CH3)3H Pb1 H1 915.9 692.5 744.9
Pb1 H2 -27.1 -6.4 13.8
Pb(CH3)4 Pb1 C1 396.7 -84.6 -11.5
Pb1 H1 24.5 -2.3 17.2
Root mean square deviation 148.7 139.9
Mean absolute deviation 98.1 82.5
Median absolute deviation 25.7 11.3
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TABLE VII. Relativistic benchmark on mercury containing molecules. Local orbital PBE ZORA calculations using ADF and
experimental numbers from Ref. 28. Ultrasoft PBE ZORA values calculated with the implementation in CASTEP. All values
are isotropic reduced J-coupling in 1019 ·T2 · J−1.
Structure Site A Site B Exp ADF rel USP rel
Hg(CH3)Cl Hg1 C1 2614.5 1943.0 1857.1
Hg1 H1 93.6 -77.9 6.0
[Hg(CN)4]
2− Hg1 C1 2814.2 2540.4 2368.4
Hg(CCCl)2 Hg1 C1 5456.6 5049.0 4961.6
Hg1 C3 1535.8 1694.3 1714.7
Hg(C6H5)2 Hg1 C1 2174.6 1791.5 1778.7
Hg1 C2 157.0 228.9 301.7
Hg1 C3 183.7 188.8 199.7
Hg1 C4 32.0 -29.7 -13.8
Hg(CH3)CCH Hg1 C1 2549.2 2169.9 2493.6
Hg1 C2 2101.5 1650.0 1685.2
Hg1 C3 728.0 743.6 823.3
Hg(CH3)I Hg1 C1 2378.0 1751.2 1655.5
Hg1 H1 84.6 -70.5 8.6
IrCl(SnCl3)(HgCl) . . . Hg1 Sn1 -50838.5 62548.2 50861.4
. . . (CO)(PH3)2 Hg1 P1 375.5 -399.1 -257.2
Hg(CH3)(CF3) Hg1 F1 459.0 471.7 496.3
Hg1 H1 64.0 -52.8 10.7
Hg(CH3)2 Hg1 C1 1258.2 863.5 953.0
Hg1 H1 46.4 -36.7 14.7
Hg(CH3)Br Hg1 C1 2546.7 1873.8 1785.1
Hg1 H1 90.5 -75.1 6.6
Hg(CN)2 Hg1 C1 5741.7 4740.7 3907.1
Root mean square deviation 2470.2 511.4
Mean absolute deviation 753.4 311.1
Median absolute deviation 158.5 118.3
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TABLE VIII. Relativistic benchmark on platinum containing molecules. Local orbital PBE ZORA calculations using ADF and
experimental numbers from Ref. 28. Ultrasoft PBE ZORA values calculated with the implementation in CASTEP. All values
are isotropic reduced J-coupling in 1019 ·T2 · J−1.
Structure Site A Site B Exp ADF rel USP rel
cis-PtH2(P(CH3)3)2 Pt1 H1 392.1 474.2 599.3
Pt1 P1 1765.2 1324.9 1083.9
[Pt(CO)3]
2+
2 Pt1 C1 2420.2 2632.3 2576.4
Pt1 C3 1943.6 2312.0 2204.5
Pt1 C4 39.7 -38.5 -44.9
Pt1 C6 302.7 296.8 375.2
Pt1 Pt2 962.9 1527.9 5893.1
Pt(PF3)4 Pt1 P1 6215.0 5789.7 5949.6
Pt(P(CH3)3)4 Pt1 P1 3610.5 3393.7 3205.5
trans-PtI2(NH2CH3)2 Pt1 C1 22.8 -6.5 21.7
Pt1 H1 23.3 -21.7 -12.9
cis-PtCl2(P(CH3)3)2 Pt1 P1 3276.2 3053.5 3033.2
cis-PtI2(NH2CH3)2 Pt1 C1 31.9 -18.7 -0.6
Pt1 H1 26.3 -23.3 -30.8
Pt(SnCl3)(CH2C. . . Pt1 Sn1 -28025.3 23956.7 26441.7
. . . (CH3)CH2)(CH2H4) Pt1 C4 50.1 -50.7 -34.2
Pt1 C2 65.2 -0.6 26.3
Pt1 C3 160.8 78.0 68.9
Pt1 C1 157.7 95.3 151.1
Pt1 C6 119.8 104.5 141.2
Pt1 H1 19.5 -22.4 -31.8
Pt1 H2 16.8 -7.9 -16.2
Pt1 H3 23.7 -26.1 -36.1
Pt1 H4 22.5 -25.5 -35.6
Pt1 H5 6.1 -2.0 -17.8
Pt1 H6 22.5 31.0 9.1
trans-PtH2(P(CH3)3)2 Pt1 H1 392.1 474.2 351.1
trans-PtCl2(P(CH3)3)2 Pt1 P1 2239.7 1880.4 2067.0
[Pt(CN)5]
4−
2 Pt1 C1 1331.7 1369.1 1426.7
Pt1 C5 937.3 918.8 839.2
Pt1 C6 30.0 -21.8 -22.9
Pt1 C10 441.4 468.9 601.9
Pt1 Pt2 3146.0 3367.4 6254.0
Root mean square deviation 733.1 1065.4
Mean absolute deviation 231.9 387.2
Median absolute deviation 27.5 41.0
TABLE IX. Relativistic benchmark on thallium containing molecules. Local orbital PBE ZORA calculations using ADF and
experimental numbers from Ref. 28. Ultrasoft PBE ZORA values calculated with the implementation in CASTEP. All values
are isotropic reduced J-coupling in 1019 ·T2 · J−1.
Structure Site A Site B Exp ADF rel USP rel
Tl(CN)3 Tl1 C1 4488.5 2802.2 1601.2
TlBr Tl1 Br1 -3610.0 -825.9 -821.1
Tl(CN)Cl2 Tl1 C1 5975.5 2424.9 1008.2
Tl(CN)2Cl Tl1 C1 5991.8 2822.9 1475.5
Tl4(OCH3)4 Tl1 Tl1 549.8 -365.3 -63.2
TlCl Tl1 Cl1 -2240.0 -817.4 -728.6
TlF Tl1 F1 -2020.0 -1096.7 -1050.0
TlI Tl1 I1 -4740.0 -652.2 -286.8
Root mean square deviation 2570.6 3249.6
Mean absolute deviation 2226.0 2822.6
Median absolute deviation 2235.2 2838.1
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TABLE X. Calculated and experimental47 isotropic reduced coupling constants (K), in 1019 ·T2 · J−1, for (Ph3P)2Ag(O2COH)
and [{(Ph3P)2Ag}2(CO3)]·2H2O. Their structures are shown in Figure 7. For K
ZORA
Calc silver atoms were treated with relativistic
pseudopotentials and ZORA modified operators.
Structure (optimization) Site A Site B KNRelCalc K
ZORA
Calc K
Ag109
Exp K
Ag107
Exp
(Ph3P)2Ag(O2COH) Ag P 1 1,481 1,952 2,059 2,398
All ions Ag P 2 1,492 1,958
P 1 P 2 53.0 70.6 74.5 74.5
(Ph3P)2Ag(O2COH) Ag P 1 1,462 1,932 2,059 2,398
Only hydrogen Ag P 2 1,462 1,925
P 1 P 2 52.0 69.2 74.54 74.54
[{(Ph3P)2Ag}2(CO3)]·2H2O Ag 1 P 1 1,259 1,644
2,125* 1,848*
All ions Ag 1 P 2 1,398 1,849
Ag 2 P 3 1,470 1,919
Ag 2 P 4 1,229 1,583
[{(Ph3P)2Ag}2(CO3)]·2H2O Ag 1 P 1 1,259 1,650
Only hydrogen Ag 1 P 2 1,350 1,786
Ag 2 P 3 1,433 1,887
Ag 2 P 4 1,145 1,467
* Ag107 and Ag109 couplings were not resolved separately in experiment.
